We demonstrate how to design various nonstandard types of Andreev-bound-state (ABS) dispersions, via a composite construction relying on Majorana bound states (MBSs). Here, the MBSs appear at the interface of a Josephson junction consisting of two topological superconductors (TSCs). Each TSC harbors multiple MBSs per edge, by virtue of a chiral or unitary symmetry. We find that, while the ABS dispersions are 2π-periodic, they still contain multiple crossings which are protected by the conservation of fermion parity. Considering networks of coupled junctions of this type, opens the door for topological bandstructures with nodes or Weyl points in synthetic dimensions, and the realization of chiral anomaly. The latter, also allows for fermion-parity pumping with a cycle set by the ABS-dispersion details. The possible experimental demonstration of ABS engineering in these devices, will further unveil new paths for the detection of chiral anomaly and MBSs. arXiv:1901.00876v1 [cond-mat.supr-con] 
Superconducting devices are currently in the spotlight [1] , with Josephson junctions of conventional superconductors (SCs), being core for state-of-the-art quantum-computing circuits [2, 3] . Each junction is characterized by the superconducting phase difference ∆φ across it, and the associated Josephson energy scale E J (∆φ) [4] . When the link connecting the two SCs is a quantum-point contact or a quantum dot, the resulting Josephson transport [5] [6] [7] [8] is mainly mediated by a small number of electronic so-called Andreev bound states (ABSs) [9] , which are localized near the interface. For a junction consisting of two conventional SCs, the ABS energy dispersions come in pairs and read [6] [7] [8] ε(∆φ) = ±E ABS 1 − T sin 2 (∆φ/2), with T denoting the transparency of the junction and E ABS an energy scale usually coinciding with the bulk gap of the SCs [10] .
For a perfectly transparent junction, the ABS dispersions exhibit a linear crossing at ∆φ = π [5] . This crossing is not protected, and a gap opens for T = 1. In the high-transparency and low-inductance regime of the circuit, the positive and negative ABS levels are usually the ones employed to define a qubit [10] , with ∆φ = π being the operational sweet-spot value. In the antipodal T 1 limit, the ABS energy dispersions approximately read ε(∆φ) ≈ ±E ABS [1 + (T /4) cos ∆φ]. Thus, the ABS levels are very weakly dispersing with respect to ∆φ and stay energetically close to the bulk-gap edge. In this case, the negative (positive) ABS branch is always occupied (empty) and we find E J ∝ cos ∆φ [11] . In this situation, which is realizable when the weak link is an insulator, quantum computing relies on the quantum dynamics of ∆φ, when viewed as a quantum variable [2, 3] .
The above, highlight the significance of being in a position to tailor the ABS spectrum, since it is central for designing quantum-computing architectures. Perspectives for ABS engineering open up in junctions consisting of topological superconductors (TSCs). These may be ei-ther intrinsic, e.g., p-wave SCs [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , or artificial [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , arising in hybrid devices [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] . Both types of systems harbor zero-energy and charge-neutral quasiparticles, the so-called Majorana bound states (MBSs) [13, 14, 16] . Remarkably, a Josephson junction of two TSCs features pairs of coupled MBSs which give rise to 4π-periodic ABS energy dispersions [16, [56] [57] [58] [59] [60] [61] [62] , i.e., ∝ cos(∆φ/2). In contrast to the conventional ABS case, here, the linear crossing at ∆φ = π is protected by the conservation of fermion parity (FP) [57, 58] , i.e., the number of electrons in the system modulo two. The exotic properties of the MBSs, and their promise for fault-tolerant quantum computing [14, [63] [64] [65] [66] , recently sparked their intense pursuit and resulted in their spectroscopic detection in various artificial platforms [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] . The next milestone to be reached, is the demonstration of quantum manipulations [84] [85] [86] using MBSs. However, this is currently a challenging feat and, hence, it is urgent to find alternative ways to immediately harness the topological protection of MBSs for quantum computing, or other, purposes.
In this Letter, we propose to employ MBSs as building blocks for engineering various nonstandard ABS energy dispersions, which further unlock new types of chiralanomaly effects [87] . As we show, the former (latter) is possible in (coupled) junctions of 1D TSCs, which harbor multiple zero-energy MBSs per edge by virtue of unitary or chiral symmetries [33, [88] [89] [90] [91] [92] [93] . Here, we investigate the miminal construction, where each TSC harbors two MBSs per edge. The resulting set of four MBSs can be pairwise coupled via Majorana-Josephson terms originating from electron tunneling across the junction [16] , as well as by terms violating the symmetries protecting the multiple MBSs before the TSCs get in contact. We mainly find 2π-periodic ABS dispersions, which follow the form ε(∆φ) ∝ η cos χ + cos(∆φ + ϕ), with the phases χ and ϕ linked to the symmetry properties of the TSCs, while η controls the relative strength of the two aforementioned types of MBS couplings. Apart from mundane fully-gapped spectra, we also obtain novel types of gapless dispersions, featuring multiple FP-protected linear crossings or quadratic band touchings.
The emergence of crossings in the ABS spectrum additionally opens perspectives for topologically-nontrivial bandstructures in 2D or 3D networks of such 1D TSC junctions. The base space for the nontrivial topology is the synthetic (∆φ, q) space, where q = (q x , q y ) is the wave vector associated with the electron's motion in the junction's transverse plane. Therefore, topologicallyprotected nodes and Weyl points are generally accessible in 2D and 3D synthetic spaces. This possibility, not only provides a novel example of nontrivial topology in synthetic dimensions (cf. Refs. 94 and 95), but as we reveal here, it allows for FP pumping as a consequence of chiral anomaly. Note, that, a FP pump based on Majorana Kramers pairs was previously proposed in Ref. 96 .
We now proceed with laying out the general approach to the composite construction of the ABSs and the corresponding energy spectra, by employing a minimum of four MBSs which appear near the junction's interface. The corresponding MBS operators (in second quantization) are here denoted γ 1,2,3,4 , and satisfy {γ n , γ † m } = δ nm with n, m = 1, 2, 3, 4. Since the MBSs correspond to zero-energy quasiparticle excitations, one finds γ n = γ † n for all the above operators, which further leads to the nonstandard relations γ 2 n = 1/2. Each pair of MBSs appearing at the edge of each TSC is protected by chiral or unitary symmetries. The low-energy Hamiltonian obtained by projecting onto the MBS subspace reads [97] :
with the coupling matrix elements t 12 and t 34 (t 13 and t 24 ) having an intra-TSC (inter-TSC) character. These generally depend on the superconducting phase difference biasing the junction. We remark, that, for intrinsic spin-triplet p-wave SCs we also have the possibility to separately impose a phase difference in each spin sector, which can be split into charge-and spin-phase components ∆φ ↑,↓ . The ABS spectra obtained for such a system are thoroughly discussed in our accompanying work in Ref. 97 . Here, we restrict to ABS spectra twisted by a charge-phase difference ∆φ, in which case, the intra-TSC coupling elements t 12,34 are independent of ∆φ and equal to the respective MBS couplings t (0) nm , obtained for a zero phase difference. Thus, t 12 = t To proceed, we take into account that the couplings t 13 and t 24 are associated with electron hopping across the junction, and exhibit the usual 4π-periodic dependence in terms of the phase difference [16, [56] [57] [58] [59] [60] [61] [62] :
The Hamiltonian in Eq. (1) can be readily expressed in terms of ABS fermions as follows:
where we rewrote the Hamiltonian in terms of the Majorana multicomponent operator Γ = (γ 1 γ 2 γ 4 γ 3 ), its transpose Γ, and the skew-symmetric matrixB. Moreover, we introduced the ABS fermionic operators a ± , satisfying {a s , a † p } = δ s,p and {a s , a p } = 0, with s, p = ±. The ABS dispersions resulting from Eq. (1) satisfy:
with S = t 2 12 +t 2 34 +t 2 13 +t 2 24 /2 and the Pfaffian Pf(B) = t 13 t 24 − t 12 t 34 . An equivalent expression was found in Ref. 61 , which focussed on different aspects of multiple MBSs than the ones considered here. We insist to express ε − as in Eq. (5), obtained by (ε + ε − ) 2 = [Pf(B)] 2 , since this form reflects the antisymmetry of the Majorana couplings [16] , and further allows for a transparent description of ABS dispersions with protected crossings.
We remind the reader, that, in junctions of conventional SCs the positive and negative ABS branches are labelled by spin and, thus, are independent. In contrast, in (effectively) spinless TSCs the positive and negative branches in Eq. (4), for a given s = ±, correspond to the same degree of freedom [57, 58] , since it is the combination a † s a s − a s a † s that appears. This is further reflected in the factor of 1/2, which circumvents double counting. Consequently, there exists only one single-particle ABS dispersion per s = ±, and if we desire to define an ABS qubit in analogy to the conventional case [10] , we are required to employ the ε ± branches for this purpose. Thus, here, it may be experimentally preferrable to construct a qubit by employing the eigenstates describing the quantized version of ∆φ, in which scenario, the expression of the Josephson energy is set by the occupied ABSs.
We move on with investigating the types of ABS dispersions obtained for the three scenarios of Fig. 1 . In case (a) we obtain a fully-gapped ABS spectrum, while in case (b), the lowest ABS branch contains two FP-protected linear crossings. Case (c) can be viewed as the critical situation where the two linear crossings of case (b) merge into a single quadratic band crossing. The latter appears when the unitary or chiral symmetry is preserved in one of the two TSCs. In case (d), the ε− branch has a sinusoidal form and contains two linear crossings at 0 and π. This scenario is realized when the two TSCs feature different chiral symmetries, with one of them being weakly broken. As t12 decreases, i.e., (c )→(c )→(c), the chiral or unitary symmetry becomes restored in one of the TSCs and the two linear crossings of (c ) merge into the quadratic crossing of (c). In (d)→(d )→(d ), we depict how a sinusoidal dispersion arises. One observes that the dispersion has a sinusoidal character already before the crossing, hence, manifestly implying that the crossing is FP protected. In (b) we used t 
34 |. In this case, the inter-TSC MBS couplings are considered to be substantially weaker than the intra-TSC ones, a situation which is feasible by reducing the junction's transparency. At the same time, |t 12 | and |t 34 | are still considered much smaller than the bulk energy gap so that the present low-energy projection remains valid. Given the above, we find that both pairs of edge MBSs hybridize to ABSs, with energy dispersions ε + ≈ t 34 and ε − ≈ −t 12 , for the choice t 34 > t 12 > 0. Since t 12 and t 34 are independent of ∆φ, the ABS bands are very weakly dispersive with ∆φ. With the use of Eq. (5), we show such a dispersion in Fig. 2(a) .
24 |. We now consider the inverse limit, in which the symmetries protecting the multiple MBSs are weakly violated. In the fully-symmetric t 12 = t 34 = 0 case, each isolated TSC has a symmetryprotected pair of MBSs per edge. After contact, one finds the 4π-periodic [16] ABS dispersions ε + = t 13 and ε − = t 24 , with each one containing a single FP-protected crossing [57, 58] . When χ = 0, the two crossings appear for the same value of ∆φ, and the symmetry-violating t 12 and t 34 terms open an energy gap at the degeneracy point. This gap opening redistributes the two initially coinciding crossings, by transferring them to one of the two resulting 2π-periodic ABS dispersions. Fig. 2(b) depicts such a bandstructure, which can be understood by separately examining the ABS dispersions near and away from the degeneracy point. Away from it, the condi-tion |t
24 | implies that ε + ≈ t 13 and ε − ≈ t 24 . Instead, this hierarchy becomes inverted near the degeneracy point, where the ABS energies are given by the gap-opening terms t 12 and t 34 , as in Fig. 2(a) . A smooth connection between the two regimes is ensured by the appearance of two linear crossings. These are FPprotected and, unless a gap closing occurs, they are only removable by annihilating each other. This is achievable, for instance, by increasing the intra-TSC MBS couplings. |t 12 | = 0. We proceed by assuming that the two MBSs of the first TSC are unpaired even after contacting the second TSC, which is assumed to feature a nonzero t 34 , stemming from the violation of the ensuing symmetry. This violation is either externally imposed or spontaneously chosen by the hybrid system [97] . Using Eq. (5), we find ε + ≈ t 34 and ε − ≈ t 13 t 24 /t 34 . Thus, there now exists a high-and low-energy sector for the ABSs, with only the ε − branch exhibiting a substantial dispersion with ∆φ. Specifically, employing Eqs. 
For ϕ = χ = 0, the dispersion of Eq. (6) contains the quadratic crossing at ∆φ = π, shown in Fig. 2(c) , which can be viewed as two merged linear crossings of an ABS dispersion as the one in Fig. 2(b) . This connection becomes clear through Figs. 2(c)-(c )-(c ), which illustrate the evolution of the band structure upon varying 
24 , we find that lowering the strength of t 12 allows us to sequentially access cases (a)→(b)→(c) of Fig. 2 . Another obvious phase-offset option is ϕ = χ = π/2, where one obtains a sin(∆φ) term, with two linear crossings at 0 and π, cf. Fig. 2(d) . In Fig. 2(d) -(d )-(d ) we exemplify how this band develops from a situation analogous to Fig. 2(a) . As we find in Ref. [97] , case (c) of Fig. 2 appears when the unpaired interface MBSs are protected by either a chiral or a unitary symmetry, while case (d) arises when the two TSCs are dictated by different chiral symmetries.
Our results open perspectives for nontrivial ABS topology in synthetic (∆φ, q) space. Below, we restrict to loosely-coupled 1D TSCs, e.g., organic superconductors [15] , purple bronze [20] , or, artificial systems based on magnetic chains or semiconductor nanowires which can allow for higher-dimensional networks [98] . In all cases, inter -TSC p-wave pairing, of either intrinsic or effective nature, is a prerequisite for nontrivial topology.
To address this possibility, we extend Eq. (4) to include q. Here, q = 0 defines the wave vector of the Brillouin zone at which the bulk-gap closing responsible for the nontrivial topology occurs. We are interested in describing the low-energy dispersion of the Majorana edge modes and, thus, we restrict to small |q|. By additionally considering a single ABS band, we find the general Hamiltonian:
, and the pseudospin vector g(∆φ, q) = D Re (q), −D Im (q), ε(∆φ, q) . In the above, J(q) and D(q) are odd under q → −q and correspond to supercurrent and p-wave pairing terms, while their origin varies depending on the system. Here, we consider that the system does not reorganize in the presence of the bias, in which case J and D become independent of ∆φ. Nonetheless, introducing such a dependence does not modify the above symmetry constraints. Note that the ABS dispersion is generally an even function of q. These conditions yield the Andreev-mode spectra:
For concreteness, we focus on a 2D TSC-junction network, and keep only one of the wave numbers q x,y , that we hereafter denote q. Since we restrict to q ∼ 0, we drop the q dependence of ε. Thus, the low-energy branches read E ± (∆φ, q) = Jq ± E(∆φ, q) with E(∆φ, q) = [ε(∆φ)] 2 + (vq) 2 . When |J| > |v| (|J| < |v|) the Majorana edge modes making up the Andreev edge modes have dispersions with the same (opposite) slope, thus, are akin to chiral (helical) edge modes. The desired nodal points in synthetic (∆φ, q) space appear only in the helical regime. Assuming that these conditions are met, we set J = 0. Thus, q = ε(∆φ) = 0 (q x,y = ε(∆φ) = 0), yields the nodal (Weyl) points in (∆φ, q) ((∆φ, q)) space.
The most general form of the pseudospin vector leading to the dispersions ±E(∆φ, q) above, reads:
g(∆φ, q) = vq cos θ, vq sin θ, ε(∆φ) ,
with θ an angle set by the microscopics of the given model and is, in principle, an externally-controllable variable. After linearizing the ABS dispersion about the nodes (when present), we find that Eq. (8) allows for the emergence of chiral anomaly [87] encountered in Dirac's equation for a 2D spacetime. In our case, the phase difference measured relative to a node and vq, map one-to-one to the momentum and the mass in Dirac's theory. There, the occurence of chiral anomaly is marked by the nonconservation of the chiral charge and current densities. As a consequence, spatio-temporal variations of θ induce electric charge and current densities, respectively. The ensuing Goldstone-Wilczek formula [99] , implies that, here, the temporal variation of the angle θ,θ, yields an additional contribution to the supercurrent J sc flowing along the junction. At zero-temperature, the theory of linearresponse with respect to a constantθ, yields [100] :
for the charge ∆Q transferred during the time interval ∆t = t f − t i , due to the adiabatic variation of the phase difference from an initial value ∆φ i to a final value ∆φ f , at a constant rate∆φ. The values ∆φ i,f correspond to the ABS-dispersion values ε i,f . In the above, C denotes the path ε i → ε f along the ABS dispersion. Notably, the integral over ε is nonzero only if the path includes nodes of the ABS dispersions. The contribution of a node labelled by s, with coordinates (ε s , 0) in (ε, q) space, depends on its vorticity ν s ∈ Z. The types of ABS dispersions studied in this work exhibit two linear crossings with opposite vorticities ±1. Thus, when the path includes both crossings, or, equivalently a quadratic crossing, ∆Q is zero. Givenθ and∆φ, as well as the location of the nodes, one can predict the time interval required for FP pumping, which occurs when FP switches [96] . Concluding this manuscript, we remark, that, TSCs with multiple MBSs per edge have been theoretically predicted in various systems, including p-wave superconductors [21] [22] [23] [24] [25] 97] , topological magnetic chains [53, 54] , and superconductor-semiconductor hybrids [96, [101] [102] [103] [104] [105] . Regarding charge pumping, one aims at implementing cases (c ) or (d) of Fig. 2 , in which, the interchain pairing of only one of the two TSCs matters. For an "infinite" array of coupled 1D junctions, this TSC should experience (intrinsic or effective) p-wave pairing of the helical type. An example of a suitable pairing spin-vector parameter d [12] , for the bulk of this TSC, is d ∝ (sin k, v sin q cos θ, v sin q sin θ) [97] , with k the wave vector describing electron motion along the junction. We observe that sweeping θ requires rotating d in a plane. When this TSC is intrinsic, this is possible by reorganizing d by applying rotating Zeeman fields [24, 97] .
If instead the pairing is artificial, e.g. in nanowire hybrids, one is required to adiabatically manipulate the spin-orbit coupling in all spin directions. In view of the possible experimental hurdles, we note that the actual spin is not essential, as long as there exists some other, e.g. band or valley, degree of freedom, for which the required pairing structure emerges. Finally, we note that the here discussed FP pump is not restricted to an "infinite" number of coupled chains, and can already appear for two coupled chains, similar to Ref. 96. 
